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CLUSTER POINTS OF JUMPING COEFFICIENTS AND
EQUISINGULARTIES OF PLURISUBHARMONIC FUNCTIONS
QI’AN GUAN AND ZHENQIAN LI
Abstract. In this article, we will construct a plurisubharmonic function whose
jumping coefficients have a cluster point. We also give a class of plurisubhar-
monic functions which cannot be equisingular to any plurisubharmonic func-
tion with generalized analytic singularities.
1. Introduction
1.1. Cluster points of jumping coefficients. Let X be a complex manifold of
dimension n and ϕ a quasi-plurisubharmonic (abbr. quasi-psh) function on X .
The multiplier ideal sheaf I (ϕ) is defined to be the sheaf of germs of holomorphic
functions f such that |f |2e−2ϕ is locally integrable, which is a coherent sheaf of
ideals (see [2]).
Let x ∈ X be a point. By the solution to Demailly’s strong openness conjecture
[7], i.e.,
I (ϕ) = I+(ϕ) :=
⋃
ε>0
I ((1 + ε)ϕ),
which was posed by Demailly in [1], there is an increasing sequence
0 = ξ0(ϕ;x) < ξ1(ϕ;x) < ξ2(ϕ;x) < · · ·
of real numbers ξk = ξk(ϕ;x) such that I (c·ϕ)x = I (ξk·ϕ)x for c ∈ [ξk, ξk+1) and
I (ξk+1·ϕ)x $ I (ξk·ϕ)x for every k.
If the Lelong number ν(ϕ, x) = 0, we put ξ1 = +∞.
Definition 1.1. ([5], [3]). The real numbers ξk(ϕ;x) is called the jumping coeffi-
cients of jumping numbers of ϕ at x. We say that ξ is a jumping coefficient of ϕ
on an analytic set A ⊂ X if it is a jumping coefficient of ϕ at some point x ∈ A.
The collection of all jumping coefficients of ϕ at x is denoted by Jump(ϕ;x).
By the strong openness property of multiplier ideal sheaves, we know that
Jump(ϕ;x) satisfies the descending chain condition (DCC): any decreasing sequence
of jumping coefficients stabilizes. Moreover, it is easy to see that Jump(ϕ;x) does
not satisfy ACC. By a discussion on Hironaka’s log resolution [3], the sequence (ξk)
will go to infinity when ϕ has analytic singularities, i.e., ϕ can be written locally as
ϕ =
c
2
log
( m∑
k=1
|fk|2
)
+O(1),
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where c ∈ R+ and fk are holomorphic functions. However, the sequence (ξk) will
not go to infinity for general plurisubharmonic functions as we will present, which
is very different from the algebraic case. One can refer to [5] and [3] for more
properties of jumping coefficients.
In the present subsection, we will construct a plurisubharmonic function ϕ such
that Jump(ϕ;x) has a cluster point, i.e., there exists a jumping coefficient ξk0 such
that for every small enough ε > 0 we have a jumping coefficient ξk ∈ (ξk0 − ε, ξk0).
Indeed, we will prove the following:
Theorem 1.1. There exists a plurisubharmonic function ϕ on Cn (n ≥ 2) such
that 1 is a cluster point of Jump(ϕ; o).
By Theorem 1.1, one can obtain that the plurisubharmonic function ϕ will not
be equisingular to any plurisubharmonic function with analytic singularities (here,
“equisingular” for ϕ1 and ϕ2 means that e
−2ϕ1 − e−2ϕ2 is locally integrable). We
will consider general case in the next subsection.
1.2. Equisingular problem on plurisubharmonic functions. In [1] (see also
[2]), Demailly proved that, for any given quasi-psh function ϕ on compact Hermitian
manifold X , one can choose equisingular quasi-psh functions ϕj (j = 1, 2, ...) on X ,
which are smooth outside the poles and decreasingly convergent to ϕ. In [6], Guan
showed that the above result does not hold if ϕj are supposed to have analytic
singularities.
A plurisubharmonic function ϕ will be said to have generalized analytic singular-
ities if for any point x0 ∈ X there exists a ball Br(x0) such that for every complex
line L ⊂ Br(x0), ϕ|L has analytic singularities. The set of plurisubharmonic func-
tions on X with generalized analytic singularities is denoted by E(X). In particular,
E(X) contains any ϕ ∈ Psh(X), which can be written locally as
ϕ = log
( N∑
j=1
mj∏
k=1
|fjk|λjk
)
+O(1),
where λjk ∈ R+ and fjk are holomorphic functions.
Now, it is natural to put forward such a question:
Question. For any given ϕ ∈ Psh(X), can one choose ϕA ∈ E(X) such that
ϕA is equisingular to ϕ?
In this subsection, we establish the following result on equisingularties of plurisub-
harmonic functions.
Theorem 1.2. Let χ be a convex increasing function on R with lim
t→−∞
χ′(t) =
C0 > 0. Let ϕ be a plurisubharmonic function near o ∈ Cn with C0 · ν(ϕ, o) ≥ n
and ϕA ∈ E(Cn) has generalized analytic singularities. If e−2χ◦ϕ − e−2ϕA is locally
integrable near o, then lim
t→−∞
|χ(t)− C0t| <∞.
Remark 1.1. (1) By Theorem 1.2, for any plurisubharmonic function ϕ near o ∈
Cn with ν(ϕ, o) > 0, there exists a convex increasing function χ on R such that
e−2χ◦ϕ − e−2ϕA is not locally integrable near o.
(2) By a similar discussion in [6], we have that, for any complex manifold X
(compact or noncompact) with dimX ≥ 2 and z0 ∈ X , there exists a quasi-psh
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function ϕ on X such that for any plurisubharmonic function ϕA with generalized
analytic singularities near z0, e
−2ϕ − e−2ϕA is not locally integrable near z0.
Note that in Theorem 1.2, the Lelong number ν(χ ◦ ϕ, o) ≥ n is necessary. For
Lelong number near 1 case, following from the plurisubharmonic function ϕ as in
Theorem 1.1 (M large enough), we obtain
Theorem 1.3. Let ϕ ∈ Psh(Cn) be the plurisubharmonic function as in Theorem
1.1 and ϕA a plurisubharmonic function with generalized analytic singularities near
the origin o. Then, e−2ϕ − e−2ϕA is not locally integrable near o.
2. Some known results
To prove main results, the following special case of Ohsawa-Takegoshi L2 exten-
sion theorem and Siu’s decomposition theorem are necessary.
Theorem 2.1. ([4], Theorem 2.1). Let Ω ⊂ Cn be a bounded pseudoconvex domain,
and let H be an affine linear subspace of Cn of codimension p ≥ 1 given by an
orthogonal system s of affine linear equations s1 = · · · = sp = 0. For every β <
p, there exists a constant Cβ,n,Ω depending only on β, n and the diameter of Ω,
satisfying the following property. For every plurisubharmonic function ϕ ∈ Psh(Ω)
and f ∈ O(Ω ∩ H) with ∫Ω∩H |f |2e−ϕdλH < +∞, there exists an extension F ∈
O(Ω) of f such that∫
Ω
|F |2|s|−2βe−ϕdλn ≤ Cβ,n,Ω
∫
Ω∩H
|f |2e−ϕdλH ,
where dλn and dλH are the Lebesgue volume elements in Cn and H respectively.
Theorem 2.2. (see [2], Theorem 2.18). Let T be a closed positive current of
bidimension (p, p). Then T can be written as a convergent series of closed positive
currents
T =
+∞∑
k=1
λk[Ak] +R,
where [Ak] is a current of integration over an irreducible analytic set of dimension
p, and R is a residual current with the property that dimEc(R) < p for every
c > 0. This decomposition is locally and globally unique: the sets Ak are precisely
the p-dimensional components occurring in the upperlevel sets Ec(T ), and λk =
minx∈Ak ν(T, x) is the generic Lelong number of T along Ak.
The proof of Lemma 4.7 in [8] implies
Lemma 2.3. Let p : ∆2 → ∆, z = (z1, z2) 7→ z1 and ϕ ∈ Psh(∆2). For almost
all z1 ∈ ∆ (in the sense of the Lebesgue measure on ∆), the level set of Lelong
numbers of ϕ|p−1(z1) satisfies
{z|ν(ϕ|p−1(z1), z) = 0} = ({z|ν(ϕ, z) = 0} ∩ p−1(z1)).
For the proof of Theorem 1.2, we also need the following two Lemmas.
Lemma 2.4. Let ϕ1, ϕ2 be two subharmonic functions near o ∈ C. If e−2ϕ1−e−2ϕ2
is locally integrable near o and the Lelong number ν(ϕ1, o) ≥ 1, then ν(ϕ1, o) =
ν(ϕ2, o).
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Proof. As e−2ϕ1 − e−2ϕ2 is locally integrable near o, it follows from ν(ϕ1, o) ≥ 1
that ν(ϕ2, o) ≥ 1.
Suppose that ν(ϕ1, o) = ν(ϕ2, o) does not hold. Without loss of generality,
we put ν(ϕ1, o) > ν(ϕ2, o). Let a ∈ (ν(ϕ2, o),min{ν(ϕ1, o), ν(ϕ2, o) + 1}). Then,
ϕi − (a− 1) log |z| are subharmonic near o and
ν(ϕ1 − (a− 1) log |z|, o) > 1, ν(ϕ2 − (a− 1) log |z|, o) < 1.
That is to say e−2(ϕ1−(a−1) log |z|)− e−2(ϕ1−(a−1) log |z|) is not locally integrable near
o. However, the local integrability of e−2ϕ1 − e−2ϕ2 near o implies that
|z|2(a−1)(e−2ϕ1 − e−2ϕ2) = e−2(ϕ1−(a−1) log |z|) − e−2(ϕ1−(a−1) log |z|)
is locally integrable near o, which is a contradiction. 
Lemma 2.5. Let ϕA = C1 log |z|+O(1) near o ∈ C and ϕ a subharmonic function
near o ∈ C with ν(ϕ, o) = C2, where C1, C2 are positive constants. Let χ be a
convex increasing function on R such that lim
t→−∞
χ′(t) = C0 > 0 with C0C2 ≥ k
for some k ∈ N+. If |z|2(k−1)(e−2χ◦ϕ − e−2ϕA) is locally integrable near o, then
lim
t→−∞
|χ(t)− C0t| <∞.
Proof. As χ′′ ≥ 0 and lim
t→−∞
χ′(t) = C0 > 0, we have χ
′(t) ≥ C0 for any t ∈ R.
Then, χ(t)−C0t is a convex increasing function on R. Suppose that lim
t→−∞
|χ(t)−
C0t| <∞ does not hold. Then lim
t→−∞
(χ(t) − C0t) = −∞
Since ν(χ ◦ ϕ, o) = C0C2 ≥ k, then ν(χ ◦ ϕ − (k − 1) log |z|, o) ≥ 1. It follows
from the integrability of |z|2(k−1)(e−2χ◦ϕ − e−2ϕA) near o that |z|−2(k−1)e−2ϕA is
not locally integrable near o, which implies that ϕA− (k− 1) log |z| is subharmonic
near o ∈ C and ν(ϕA − (k − 1) log |z|, o) ≥ 1. By Lemma 2.4, we have
ν(χ ◦ ϕ− (k − 1) log |z|, o) = ν(ϕA − (k − 1) log |z|, o),
which implies ν(χ ◦ ϕ, o) = ν(ϕA, o) = C1 ≥ k.
By the assumption, we have lim
z→0
(χ ◦ ϕ − C0ϕ) = −∞. Then, we infer from
ϕ ≤ C2 log |z|+O(1) that lim
z→0
(χ ◦ ϕ− C0C2 log |z|) = −∞. Hence,
lim
z→0
(e−2(χ◦ϕ−C1 log |z|) − e−2(ϕA−C1 log |z|)) = +∞,
It follows from ν(χ ◦ ϕ, o) = ν(ϕA, o) = C1 ≥ k that |z|2(k−1)(e−2χ◦ϕ − e−2ϕA) is
not locally integrable near o, which is a contradiction. 
3. Proof of main results
We are now in a position to prove our main results.
Proof of Theorem 1.1. Let
ϕ(z) = log |z1|+
∞∑
k=1
αk log(|z1|+ |z2
k
|βk),
where αk = M
−k, βk = M
2k and M ≥ 2 . Then ϕ ∈ Psh(Cn), I (ϕ)o = (z1) · On
and ν(ϕ, (0, z2)) = 1, ∀z2 6= 0.
Given ε ∈ (0, 1]. As (z1, z2) ·On ⊂radI ((1−ε)ϕ)o, there exists an integer N > 0
such that zN2 ∈ I ((1 − ε)ϕ)o. Note that I ((1 − ε)ϕ)o ⊂ I ((1 − ε)ϕk)o for every
k, where ϕk = log |z1| + αk log(|z1| + | z2k |βk). To prove the desired result, it is
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sufficient to show that for any integer m > 0, there exists k0 and ε0 > 0 such that
zm2 /∈ I ((1− ε)ϕk0)o, ∀ε ∈ (0, ε0].
Considering the integration of |z2|me−(1−ε)ϕk over unit bidisk ∆×∆, we have∫
∆×∆
(|z2|me−(1−ε)ϕk)2dλ2
=
∫
∆∗
(
1
|z1|(1−ε)(1+αk) )
2
√−1
2
dz1∧dz¯1
∫
∆
(
|z2|m
(1 + |z2/k|
βk
|z1|
)(1−ε)αk
)2
√−1
2
dz2∧dz¯2
=
∫
∆∗
(
1
|z1|(1−ε)(1+αk) )
2
√−1
2
dz1∧dz¯1
∫
∆˜
(
|kz1/βk1 |m+1 · |w|m
(1 + |w|βk)(1−ε)αk )
2
√−1
2
dw∧dw¯
≥ C ·
∫
∆∗
(
1
|z1|(1−ε)(1+αk)−
m+1
βk
)2
√−1
2
dz1∧dz¯1.
where C > 0 is some constant and ∆˜ is the domain of integration in the new
variable. Then, for any m, it follows from αk = M
−k and βk = M
2k that there
exists k0 and ε0 > 0 such that (1 − ε0)(1 + αk0) − m+1βk0 ≥ 1, which implies z
m
2 /∈
I ((1− ε)ϕk0)o, ∀ε ∈ (0, ε0]. 
Proof of Theorem 1.2. Let
ξ : Cn → Cn, z 7→ (z1, z1z2, . . . , z1zn)
be a holomorphic mapping. Then ξ is an isomorphism outside {z1 = 0}. Hence,
for sufficiently small polydisc ∆nr , we have∫
∆nr
|z1|2(n−1)(e−2χ(ϕ◦ξ) − e−2(ϕA◦ξ))dλn =
∫
ξ(∆nr )\{z1=0}
(e−2χ◦ϕ − e−2ϕA)dλn <∞.
That is to say, for almost every (z2, ..., zn) ∈ ∆n−1r , we have∫
∆r
|z1|2(n−1)(e−2χ(ϕ◦ξ) − e−2(ϕA◦ξ))dλ1 <∞.
It follows from Lemma 2.5 that lim
t→−∞
|χ(t)− C0t| <∞. 
Proof of Theorem 1.3. It is enough to prove the dimension two case. In fact, if
e−2ϕ − e−2ϕA is locally integrable near the origin o = (o′, o′′) for general n (n ≥ 3)
case, then for almost all (a3, ..., an) ∈ Cn−2 near o′′,
(
e−2ϕ−e−2ϕA)|{z3=a3,...,zn=an}
is locally integrable near o′, which is a contradiction.
Assume that e−2ϕ − e−2ϕA is integrable on a relatively compact neighborhood
U0 of o. Then, e
−2cϕ − e−2cϕA is integrable on U0 for any 0 ≤ c ≤ 1. As I (ϕ) =
(z1) · OC2 on U0, it follows that e−2ϕA is not locally integrable near {z1 = 0}|U0 .
By Theorem 2.2, on U0, we have ϕA = λ log |z1| + ψ, where λ ≥ 1 and ψ is a
plurisubharmonic function near o such that ({z1 = 0}, o) 6⊂ ({ν(ψ, z) ≥ c}, o), ∀c ∈
Q+. It follows from Lemma 2.3 that ψ|z1=0 6≡ −∞.
If λ > 1, then for every z2 6= 0, there exists ε0 > 0 such that ϕA ≤ (1+ε0) log |z1|
near (0, z2). Hence, e
−2
ϕA
1+ε0 ≥ e−2 log |z1| is not locally integrable near (0, z2), which
is a contradiction to the local integrability of e−2
ϕ
1+ε0 near (0, z2). Hence, we have
ϕA = log |z1|+ ψ on U0.
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Since ψ|z1=0 6≡ −∞, then the Lelong number ν(ψ|z1=0, o′) <∞. Hence, we have
an integer number N > 0 such that
zN2 ∈ I (ψ|z1=0)o ⊂ I (cψ|z1=0)o, ∀c ∈ (0, 1).
By Theorem 2.1, there exists a holomorphic function Fc on a Stein neighborhood
V0⊂⊂U0 of o such that
Fc(z)|V0∩{z1=0} = zN2 |V0∩{z1=0} and Fc(z)o ∈ I (cψ + c log |z1|)o = I (cϕA)o.
Let Fc(z) = z
N
2 + z1 ·Gc(z) for some holomorphic function Gc(z) near o. By the
assumption, we have
(z1) · O2 = I (ϕ)o = I (ϕA)o ⊂ I (cϕA)o.
It follows that zN2 = Fc(z)− z1 ·Gc(z) ∈ I (cϕA)o for any c ∈ (0, 1). However, by
the proof of Theorem 1.1, we know that there exists ε0 > 0 such that
zN2 /∈ I ((1 − ε)ϕ)o, ∀ε ∈ (0, ε0].
which is a contradiction to the assumption, i.e., e−2ϕ−e−2ϕA is not locally integrable
near o. 
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